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FOREWORD

The Space and Information Systems Division (S&ID) of North American
Aviation, Inc. (NAA) under Contract AF 30(602)-3638 with the Rome Air
Development Center (RADC) of the United States Air Force agreed to perform
a 10-month study designed to de'-rlop digital computer techniques in two
areas of interest to the RADC tracking facility. First, a differential
correction geocentric orbit computation program for reducing observed data
was to be prepared which would operate in a near-optimum manner at the RADC
computer center. Secondly, a computational logic which could be utilized
in the tracking process for driving the tracking antennae in an open-loop
mode was to be prepared. This second progran, would employ general perturba-
tions theory in the definition of the predicted trajectory. (This former
task is reported in SID 65-1203-1).

This report was prepared as partial documentation of the seccnd task.
The contents present the program logic and FORTRAN listings fcr tho main
body of the required program.

The program can be divided operationally into two parts; (1) the
trajectory prediction routine and,(2) the tracking routine.

The prediction routine uses a general perturbation theory to assess the
first order changes in the osculating elements due to oblateness and drag.
No singularities in inclination or eccentricity are present in the formulation
which is taken from the work of Anthony G. Lubowe (Appendix I).

The tracking routine has been designed to accept as many as ten active
stations and to output range, range-rate, azimuth and elevation data for
any station viewing the satellite.

This contract has been managed at NAA S&ID by Mr. J. A. Hill and
directed by Mr. G. E. Townsend. J. C. Mendez, assisted by Mr. Townsend,
designed the rationale for the program, coded the major portion of the logic,
performed the preliminary checks of the operation, and prepared this document.

The assistance offered by RADC per3onnel under the direction of
Mr. Gordon Negus (Program Manager) is gratefully acknowledged.
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ABSTRACT

This document presents the formulation, computational logic, and coding
information developed for the purpose of tracking an artificial earth satellite

in an open-loop mode. The program was developed as a FORTRAN IV$ IBM 7094
program which uses tha standard North American Aviation monitor system (NAASYS
version 13). The logic presented is intended for use in developing a similar
program for the Packard Bell 250 digital computer.

The trajectory prediction portion of the program is a general perturba-
tion formulation developed by Anthony G. Lubowe of Bell Telephone Laboratories.
The tracking portion of the program can accept as many as ten tracking
stations and outputs range, range-rate, azimuth and elevation data.

[
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INTRODUCTION

This program is designed to track an artificial earth satellite in an
open-loop mode on a Packard Bell 250 computer. Accordingly, the program
can be considered to perform two major tasks:

1. Prediction of the satellite's position and velocity
vectors, and

2. Interrogation of the active tracking stations.

Functionally, the program consists of two driving routines:

1. P0SVEL drives the prediction routine, and
2. TRAK drives the tracking routine.

Efforts have been made to insure a high level of internal consistency
throughout the program. Particular care has been taken with the iteration
on Kepler's equation and with the logic for computing and storing the changes
to the orbital elements.

The formulation for the prediction routine has been selected to eliminate
singularities at the critical inclination, and at low (or zero) inclinations,
and/or eccentricities; it has been taken from a paper by Anthony G. Lubowe
which is reporduced in Appendix I.

Briefly, the theory is as follows: a set of non-singular osculating
elements is computed from the initial position, velocity, and time; the
non-singular elements replace the more traditional set (a, e, itu ,n. , C )
which leads to the above noted singularities. The selected non-singular
elements are:

a a
. 4 = e sinw = e sin (u +-%)
0= e cos W
p = sin i sinA.
q = sin i cos .u
r=t --

First order perturbations to these elements due to oblateness and drag have
been included. Higher order terms, i.e., order j2, H, K have been dropped.
Lagrange's Planetary Equation's form the basis for the oblateness perturbation
theory. These equations express the orbit of a body experiencing a perturbing
force in terms of the deviations of the orbital elements from those describing
the unperturbed orbit. They are six first-order differential equations with
time as the independent variable. The independent variable is transformed from
time to the angle theta, in the unperturbed orbit ( C = longitude of perigee +
true anomoly). The six differential equations can then be integrated between
0. and 01 by holding the orbital elements constant over the interval of integ-
ration. The result is a first order approximation to the changes in the elements
due to the perturbations considered.

SID 65-1203-3



The perturbations due to drag have been taken from work by T. E. Sterne.
A description of the work has been included in Appendix II; the description
originally appeared in the Orbital Handbook, NASA SP-33, Part 1, Volume I.

Input data for the program consists of geocentric position and velocity
vectors (rectangular coordinates), the corresponding whole numblr of days past
zero hours, 1 January 1950, and the fractional part of a day. Due to approxi-
mations in the formulation and the limited duration (less than 10 days) of
most applications, no correction for motion of the vernal equinox has been
included, Thus, the program operates in a rectangular equatorial coordinate
system tied to the true equinox of the date of the initial conditions. Further
required input are the step size( in seconds (i.e., the interval between con-
secutive predictions of position and velocity), the final elapsed time, the
W/CDA and tracking station data. The main program (MAIN) reads the input data
and drives the program. The prediction of trajectory points is accomplished
in subroutine P0SVEL. During the first pass, the initial osculating elements
are computed and scored; in subsequent passes, this operation is skipped.
Then the changes to the osculating elements due to first-order oblateness and
drag perturbations are computed. To preserve maximum accuracy, these changes
are stored in running sums. These running sums are added to the original
elements at each step rather than adding the changes to the elements at each
step. The predicted position and velocity vectors are then computed using
the updated elements. The prediction has now been accomplished and control is
returned to the main program.

Main next calls the tracking routine (subroutine TRAK) which computes the
local hour angle and the up, east, and north unit vectors at the tracking site,
as well as the position and velocity vectors of the tracking site, The posi-
tion and velocity vectors of the satellite relative to the tracking site can
then be computed by vector subtraction. Finally, range, range-rate, azimuth
and elevation data are calculated. At this point, control is again returned
to the main program.

Now, the prediction and tracking cycle is complete, and the elapsed time
is checked to determine whether the program should continue or terminate the
computation. Care has been exercised to assure that these operations can be
performed in small fractions of a second on the IBM 7094 and that operation
times on smaller computers (eg., the Packard Bell 250) will be reasonable.
As a result, the real-time capability required for tracking is obtainable.

Also included in this documentation is the logic necessary to differen-
tially ccrrect the position and velocity vectors based on a set of observations.
The rationale for this process involves the reduction of a set of observed
minus computed residua..s; and the prediction of a corrected set of position
and velocity vectors at some future time. To be specific, the weighted least-
squares process is used to produce agreement between a set of nine observations
(R, A, E, acquired at three epochs) and the corresponding computed values at
the specified lead time. This logic has not been included in the program
because the acquisition and method of input pf the nine observations depend on
the tracking and comruting hardware used. It is epxected, however, that the
observation data array t ild be constructed in, and the differential correc-
tions driver routine (PRLDIK) would be called from TRAK; the.i the computed

- 2 - STT' 65-1203-3



corrections would be added to the computed position and velocity vectors at the
lead time and a flag raised. When control was returned to the main program,
the flag would indicate that a corrected position and velocity were available;
the corresponding "corrected" osculating slements would be computed, and the
computation would proceed as before.

It should be noted that the lead time must be great enough to allow real-
time computation.

The following diagram indicates the program operation schematically.

- 3 - SID 65-1203-3
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The following pages describe the purpose, formulation, etc. of each
subroutine,
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Subroutine BLOCK DATA

Purpose: To read block data into name common

Deck Name: BL CK

Subroutines Called: NONE

Functions Called: NONE

Deck Length: 000018

Input/Output -

FORTR PAN Math Common/
I/O Name Name Dimension Argument Definition

0 GC0N hF 1 ASTR0 gravitational constant of
the Earth

0 AJ J 1 ASTRO first term in the Earth's
gravitational potential

0 RE 9 1 ASTRO Earth's equatorial radius

0 RP RP 1 ASTR0 Earth's polar radius

0 ALT A 1 ATMOS lowest altitude tabulated
in density

0 STEP S 1 ATMOS distance between altitudes
in density table

0 DENS(M) P 36 ATM$S tabulated values of density

6 - SID 65-1203-3
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MAIN ROUTINE

Purpose: Main routine

Deck Name: MAIN

Subroutines Called: PPSVEL (predictioni logic)
TRAK (tracking logic)

Functions Required: None

Deck Length: 005158

Method: MAIN reads input data, calls P0SVEL and TRAK in sequence
and exercises control over continue or terminate
decision.
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Subroutine P9SVEL

Purpose: This routine computes the predicted position and
velocity vectors at time tl.

Deck Name: POSVL

Calling Sequence: CALL POSVEL (RVEC, VVEC, RNEW, VNEW, TO, TI, MONK)

Subroutines Required: OSCUL (computes osculating elements)
THET (computes theta for a given time)
D$BL (computes oblateness perturbation)
DRAG (computes drag perurbation)
VECT (computes position and velocity vectors)

Functions Required: NONE

Deck Length: 5128

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Description

I RVEC R 3 Arg current position vec-
tor

I VVEC V 3 Arg current velocity vec-
tor

0 NEW RN3 Arg predicted position
vector

0 VNEW 3 Arg predicted velocity
vector

I TV t0 1 Arg current time

I TI ti  1 Arg time of prediction
I/ 1 Arg W= spacecraft weight* ~~i WCDA COA1Ar spccatwih

co= drag coefficient
A= cross sectional area

I MmK 1 Arg index = 1 for first pass
through, 2 for subse-
quent passes
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Description of Equationsl

This routine predicts the satellite's position and velocity vectors at
a specified time. POSVEL is called each tine the position and velocity are
to be predicted; when the prediction has been made, control is returned to
the main program.

During the first pass, the running sums of the perturbations to the ele-
ments are set equal to zero. OSCUL is called to compute the orbital elements
and the original values of the orbital elements are stored. During subsequent
passes, this computation is omitted and the updated elements are used to com-
pute the current value of theta. Then, in both the first and later passes,
the value of theta at the prediction time is computed (in subroutine TMET).
Next the changes in the osculating elements due to oblateness (subroutine
D$BL) and drag (subroutine DRAG) are computed and the running sums of per-
turbations to the elements are updated. The updated running sums are added
to the original values of the osculating elements at the prediction time.
These values are used to compute the satellite's position and velocity vec-
tors (in subroutine VECT).

- 16 - SID 65-1203-3
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Subroutine OSCUL

Purpose: This routine computes the osculating elements corres-
ponding to a given position vector, velocity vector and
time.

Deck Name: $SCULL

Calling Sequence: CALL 0SCUL (RVEC, RDOT, T, A, MU, NU, P, Q, TCAP, SGN,
THETA)

Subroutines Called: CROSS

Functions Called: AMAG (vector magnitude)
DOT (dot product)
SQRT
ATAN2 (arc tangent)
SIN
Cos

Deck Length: 5248

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I RVEC R 3 Arg position vector at time
t

I RDOT R 3 Arg velocity vector at time
t

I T t 1 Arg current time

0 A 2.Ag Kemi-or ai

MU / 1 Arg -= J // w

NU V 1 Arg V = S ,.o

P 1' 1 Arg p = /,* j

Q q 1 Arg ' Cos
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FORTRAN Math Common/
I/0 Name Name Dimension Argument Definition

TCAP T 1 Arg T = "time
of equinox passage".

0 SGN 1 Arg = +1 for posigrade
orbits
= -1 for retrograde

orbits

THETA 9 Arg 9 = Z 4 i = longitude in
the orbit

I GCON k 1 ASTR0 gravitational constant of
Earth (length3 /time 2 )

I AJ 1 ASTR0 first term in Jeffrey's
gravitational potential

I RE RE 1 ASTRO equatorial radius of the
Earth

I RP Rp 1 ASTR0 polar radius of the Earth
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Description of Equations:

Subroutine OSCUL computes the six osculating elements corresponding to
a given position vector, velocity vector and time.

The semi-major axis, a, is computed first.

Let

- /RI

The energy equation is

-A., = V/2_ ak_.

where k is the gravitational constant of the central body (length3 /time2).

It follows that

2k - rV 2

The second and third elements, ) = J1,vt $rl n-. and C.s coJ
are found from the angular momentum vector, R. The sketch shows that the
right ascension, , and declination, 6 , of H

ORRIT
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are

The vector, H, can be written,

ti(COS 011/ Cos SH 3/N'O C~ CO-5 Sl' '51H

or

H " (J/ , A:/ J 11V - S/M ;: C Os SL I CO. 0- )

In terms of p and q,

-0

Now, H can be computed directly from and R

RxR

and,, finally

(2)
2

The next two elemonts, u-- es L an-i V e cos , are computed
using the variable e = Z = "longitude in the orbit" ( =
longitude of perifocus and f = true anomoly).
Write 1, and L) as

,/,€ ' /vw e = /N o-/f)

e- cos .1) 5,, A - (e S/If)COS e

-,(3)

-(' c-o0:.o & i- (ee C ,v).s5,
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The four quantities a cos , / , e- S , and os o are

determined below.

(1) e cvs / can be found by combining the equation

/ _ - e2 ) (4)"--/ + e. cos.f

with

Thus

e cos - /7 - (5)

(2) Differentiation of equation (4) yields

e S//v £ : ,(-2 / - (6)

The sketch shows that r and / can be written

1 ) (7)
r

r

Using the expression for angular momentum

A r co.S

Jbecomes

f A (8)
r 2

And substituting (7) and (8) into (6)

e 'SINo(/- e- 2) (i: r2_______ C__cr z  r

/,-h h

r a ( - e2)

Thus e s//¢ /C A-9
--k
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And ."ie first two quaniities are deternnined.

As an aid in f inaing -s 11v and c oi e ref er to the sketch below:

z

A

From spherical trigonometry,

Cos e os OkCo

A

60'MCO-iS6 -.S/NL

(3) Now, write 3/,

JA1 1 f0 Z/vZ C0S07 J-D I

Substitute for 9

-S/A/e =9 j,VfL. CO-5 o/( COS6 -/ COs n. JAI
J /A/ A

- 34 - SID 65-1.203-3



7 eIN L C OCS CS Os -L S//a' C.3 -CoS)SN's,

- Co -)X

combine first two terms and substitute for c

C S-/N- o C - s f 0/&CJj 7L S/, I CoSi

L SN N

C 0 cSC oso ( Co ,sA.PN 4/1i

~*COS-

r ]0 (10):

(4) The same procedure yields

r C~ 0OSA.

The last osculating element, T, is

where M = mean anomaly and n , the mean motion.

Then, using Kepler's equation,

- 35 - SID 65-1203-3



- f (12)

The last term, e- s"E, is computed from

where

and 2 jl Af and e cot-f are given by equations (5) and (9).

If e Py , is small enough so that terms of order e 4 may be
neglected E-f can be computed from the series (see Reference, page 64)

- (d I I (e COs e -)
2

If a is so large that the series cannot be used, i can be computed
from a sNI and e cos f

I Arctan( j/A) cos"

Then the eccentric anomaly, E, is computed from

C- e cos "

And the difference, E - f , can be formed.

Reference: Brouwer, Dirk and Clemence, Gerald M., Methods of Celestial
Mechanics, New York, Academic Press, 1961.
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Subroutine THET

Purpose: This routine computes 9 = 4. = longitude in the
orbit, for a given time and set of orbital elements.

Deck Name: THETT

Calling Sequence: CALL THET (A, MU, NU, THETA, TCAP, TI, NWT)

Subroutines Called: NONE

Fumctions Called: SQRT
C0s
SIN
ATAN2 (arctangent)

Deck Length: 4778

Input/Output:

F9RTRAN Math Common/

I/O Name Name Dimension Argument Definition

I A a 1 Arg semi-major axis

I MU A 1 Arg C 4

I NU 1 Arg e c4 o4

0 THETA 0 1 Arg = longitude in the
orbit

I TCAP T 1 Arg "time of equinox passage"

I T1 t 1 Arg current time

0 NM0T n 1 Arg mean motion = PAIS"

i GCN k 1 ASTRO gravitational constant of

Earth = (length3/time2 )

- - SID 65-1203-3



Development of Equatlonsi

Subroutine THET computes the "longitude in the orbit", Gff
given time and a particular set of orbital elements. The mean motion and
eccentricity irll be needed

If e is so small that terms of ordvr e4 can be neglected, 0 is computed
using a series expansion. First, let O =(1-7') , Me/w
andd= C cooM.
Write 8 as

3 e 40'Mn e (? iT

using "
T~ T--'

.OM I N -, - c- ( a

Finally

A similar manipulation shows that

- 42 - SID 65-1203-3



The series expansion forf in terms of M is, (Reference, page 111-27)

1,2

Substituting

A43 = 3.z/44Mco 4~

and combining terms

1 f=Mt2(e ,1>M)*~einv)eoM

3(e..M)(e 4oM)- 4 (e 1M) 3

adding CY-to both sides and noting that j t O and &= (M-o).M W,
we have

Ot '. a 2* C

For the case of larger C , 9 is computed via classic celestial
mechanics methods. C-0 and M are found immediately.

AM= 1(t -T) -

Then, the eccentric anomaly, E, can be found from Kepler's equation,

- 43 - SID 65-1203-3



M =E- e.,iJvE

bv a Newton-Raphson iteration technique. E_ , the first guess for E, is
selected by truncating the series for E in terms of M

A4 ~ ~ (i2 l iM)

The estimate is improved according to

C* = E.* M -R£+ Cd~nEiI- e coo Ei

The value of true anomaly, I , is obtained from

= -e eIoo £

l-C.&o

Finally,

Reference: Jensen, J., Kraft, K. D., and Townsend, G. T., "Orbital
Mechanics, Chapter III, Orbital Flight Handbook", NASA SP-33, Volume 1,
part 1, dated 1963.
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Subroutine D0BL

Purpose: To compute the perturbations of the nonsingular
osculating elements due to oblateness

Deck Name: D0BOL

Calling Sequence: D0BL (A, P, Q, MU, NU, TCAP, TV, TI, THETA0, THETA,
DA, DP, DQ, DM, DN, DT, NM0T)

Subroutines Called: 0BCON

Functions Called: SIN
Cos
SQRT

Deck Length: 017508

Input/Output:

FfRTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A a 1 Arg semi-major axis

I P p 1 Arg p = -,d4im4 4 ia

I Q q 1 Arg q = AA i CO

I MU /, 1 Arg /= e 4r co

I NU z) 1 Arg 1) = e (

I TCAP T 1 Arg "time of equinox passage"

I TP to 1 Arg current time

I TI t, 1 Arg time of prediction

I TLfELjTA J @1 Arg current longitude in the
orbit

I THETA 0 1 Arg longitude in the orbit
at time of prediction

- 49 -
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4.

FVRTRAN Mth Conmon/

I/O Name Name Dimension Argumert Definition

$ DA Aa 1 Arg change in semi-major axis

DP Ap1 Arg change in p

0 DQ Aq 1 Arg change in q

DM A 1 A~g change in/a

0 DN 6)) 1 Arg change in

DT AT 1 Arg change in

NM$T n 1 Arg mean motion

GC0N A6 1 ASTRO gravitational constant of
the earth

AJ J 1 ASTRO first harmonic in Jeffrey's
gravitational potential

RE 1 ASTRO equatorial radius of the
earth
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Development of Equations:

The general perturbation expressions for the changes in the non-
singular csculating elements due to the first order :cblateness perturbation
have been taken from a formulation due to Lubowe (Appendix I ). The
non-singular elements

a = semi-major axis

p = sin i sinn.

q = sin i cos i

14 = e sin G

= e cos

T= t

have been chosen to eliminate low e and/or low i singularities in the
perturbation expressions, and the formulation is first order in the sense
that only terms of order J have been retained. Terms of order j2, H and
D have been dropped.

The development begins with Lagrange's Planetary Equations, which
express the orbit of a body experiencing a perturbing force in terms of the
deviations of the orbital elements from those describing the unperturbed
orbit. These equations are six first-order differential equations with
time as the independent variable. The independent variable is transformed
from time to the angle theta = "true anomaly + longitude of perigee" in
the unperturbed orbit. The six differential equations can then be
inteprated between o and Q] by holding the orbital elements constant
over the interval of inteRration. The result is a first order approximation
to the changes in the elements due to the perturbation considered.
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Subroutine OBCON

Purpose: This routine computes the constants in the expressions
for the oblateness perturbations

Deck Name: OBCONN

Calling Sequence: SUBROUTINE OBCON (P, Q, MU, NU)

Subroutines Called: NONE

Functions Called: SQRT

Deck Length: 035078

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I P p 1 Arg p Z IN, S/0

I Q q 1 Arg q= J/A cOS-aL

I MU 1 Arg U d - (Z

I NU V 1 Arg V =e S W

PP(I) p 7 0CONST constants used in comput-
ing A P

QQ(I) q; 7 OCONST

0 MMU(I) 1u; 1 0CONST

NNU(I) v'11 CONST

SEPS2(I) E 2 7 ONST

EPS3(I) E 3i 7 'C0NST

EPS(I) 4i 17 OCONST a
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Subroutine DRAG

Purpose: To compute the changes in the nonsingular orbital
elements due to drag over the time period £,-4.

Deck Name: rRAGG

CalJ.ing Sequence: SUBROUTINE DRAG (A, P, Q, MU, NU, DDA, DDP, DDQ, DDM,
DDN, DDT, TO, TI, AM0T, WCDA)

Subroutines Called: DENSIT

Functions Called: SIN
Cos
ATAN2 (Aretan)
SQRT
BESEL (Bessel Functions)

Deck Length: 014738

Input/Output:

FORTRAN Math Common/

I/O Name Name Dimension Argument Definition

I A a 1 Arg a = semi-major axis

I P p 1 Arg p = s/,y A N Imx

I Q q 1 Arg q = slvi co s .

I MU # 1 Arg /A= e sINW

I NU V 1 Arg V= C C O5

DDA Sa I Arg change in a

DDP p 1 Arg change in p

DDQ 1 Arg change in q

DDM 1. Arg change in u

DDN 1. Arg change in V

0 DDT ri Arg change ir.
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FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I T9 1 Arg current time

I TI 1 Arg prediction time

I AM9T n 1 Arg mean motion

I WCDA W 1 Arg W-. pounds/square feet
C 0 A CO A

- 71 - SID 65-1203-3
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Development of Equations:

The expressions for the changes in the osculating elements due to drag
have been based on the formulation appearing in The Orbital Fli htHandbook,
NASA SP-33 (see Reference). The appropriate pages are repro -ducod n.
Appendix II. In this theory expressions are derived for the changes in
the elements (a, e, i, n. ,v ij over one revolution; the following assumptions
are made:

(1) The density is assumed to be spherically symmetric and to change
exponentially above perigee.

(2) The satellite is assumed to move along the unperturbed Keplerian
orbit for the integration range of one orbit.

(3) The atmosphere rotates with the Earth at a uniform angular rate.

Changes in the classic elements (a, e, i,w , ) can be related to changes

in the nonsingular elements through the following relations:

Ap COS SIN n-L(A~L t qt (4ASL)

s -COScosn.0 (A - P(a-.-)

VT CO - ( 6e -/, (zs +t A W)-

AT I A___ _n

These changes are "per revolution" and are multiplied by

0l -O
Zr r

to yield the changes during the time period, tI - to.

Reference: Townsend, G. W.,'Perturbations" Chapter IV, The Orbital Flight

Hadbook NASA SP-33, Volume 1, Part 1 (19636 --  3 .
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Subroutine DENSIT

Purpose: This subroutine computes the atmospheric density in
pounds per cubic foot

Deck Name: DENST

Calling Sequence: RHO = DENSIT (H)

Subroutines Called: NONE

Functions Called: ALOG (logarithm)
EXP (exponential)

Deck Length: 001368

Input/Output:

FXRTRAN Math Common/
I/O Name Name Dimension Argument Definition

I H h 1 Arg altitude above reference
geoid

I ALT Ai 1 ATMOS lowest altitude tabulated
in density table

I STEP S 1 AT1,4S distance between values
in density table

I DENS(M) cm 36 ATMOS tabulated values of den-
sity

0 RHO 9 1 density at h

- 83 -
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Development of Equations:

This routine interpolates a 36 point table to compute the atmospheric
density in pounds per cubic feet. Densities between 500,000 feet and
1,500,000 feet are tabulated in steps of 30,000; feet below 500,000 feet
an error message is printed and above 1,500,000 feet the density is zeroed.
The computation proceeds as follows: Let h be the altitude; then the
distance, A, between h and the nearest lower tabulated altitude is
computed first. The number of tabulated altitudes below h is

M = / - SOU,cco 600
30, 000

The number of intervals of 30,000 feet below h is

X= rn-I

Then
4h= h - 500,000 - (30,000) x

The density at h is computed assumming an exponential variation between
the m and ,,/ point
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Subroutine VECT

Purpose: To determine the position and velocity vectors corres-
ponding to a given 9 and a given set of orbital elements.

Deck Name: VECTT

Calling Sequence: VECT (A, MU, NU, P, Q, THETA, RVEC, VVEC, SGN)

Subroutines Called: NONE

Functions Called: SQRT

Deck Length: 004028

Input/Output:

IrRTRAN Math Common/
1/0 Name Name Dimension Ar Definition

I A a 1 Arg semi-major axis

I MU / 1 Arg el S

I NU V 1 Arg e Cos w

I P p 1 Arg P = J/N S XL

I Q q 1 Arg q = J/N COS aJ.

I THETA 0 1 Arg 0 =

RVEC R 3 Arg position vector

0 VVEC R 3 tkrg velocity vector

I SGN 1 Arg =+ 1 for posigrade orbit
- 1 for retrograde orbit

I GCO1N k 1 ASTR0 gravitational conqtant qf
the Earth (Length--/Time')
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FQRTRAN Math Common/
i/O Name Name Dimension Argument Definition

I AJ J 1 ASTR0 first harmonic in Jeffrey's
gravitational potential

I RE RE 1 ASTR0 equatorial radius of the
Earth

RP Rp 1 ASTRO polar radius of the Earth

Development of Enuations:

This routine determines the position and velocity vectors corresponding
to a given set of osculatina elements and 0.

First, the position vector will be determined. The following relations.
from the sketch and spherical trigonometry, will be needed, Z

AA

SIN CA

A 1 ^-,

IN4 = -5*
CS &

The expression for the third component, ' ,is developed first
S/ING -,/A-= dio46 S iNV - '

r

set'oinr , e -S
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r
-s//V- cos _.SSMIN -s/4NY SIN..0 COS e

and, in terms of p and q

S=- rj JI/ 9 - p cosJ (1)

Consider next, the first component of the positionX,

X cos C< Cos 6  Cos ( +L ' cos
'I-

A A
Substituting for coj a and s/ o(

A

A

SCOS -C COS 9 -.S/A SL COS J. V//V9

adding and subtracting s/N r .j,,,w ,

A AA

~ZO3 l.. C.S 9- SM /l.. C- 0sL i /.. 4N
r

: 5 O* 5N /,S .. CO/ * /M
~Cos G)+)+S /f SIN (/ O.S)

S S/N/ 4

COS 0 4 1-1 SJ3- f A

zCO.G e t p
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next substitute equation (1) remembering that _ = S IN
r

cos r /A' 0 l-r If / Cos, J a pc

Finally

x r Pr-L.) C 9 1_/_. 61 (2)

a similar computation shows that

Y,< ; R/aJ - d 0c 3-2 .. 4-d ) 14~~ Co's. Z O (3)

in equation3 (1), (2) and (3)

.0-/- e2) -14 , V 2 )  
(4)

14 ecosf idosipiA6

Equations (1), (2), (3) and (4) determine the position from a, p, q, ,a ,
and @.

The velocity vector can be found by differentiating the position vector
with respect to time.

R rOS[( ', -)sv /f (/C04-6)LO ]

ir - 1- Cos p,,,] (5)

10.s C0 )/ cs

k r L 3 " F

However, the quantities r andre must be determined. Since the position
and velocity occur in the instantaneous osculating ellipse, the derivatives

and are taken in the osculating ellipse. In particular 4 i .
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From the sketch

v vCos~'A

where

The angular momentum is

A ka(I-e 2) = A(~,a~I ~r C OS'

Therefore

r6 :pfi 1/(a-e/ --A V 2)(6
r

To evaluate r ,differentiate

r -ea)

to obtain

and substitute equation (6)

C4(~~ e,2/) e s cos (o -

finally

Equ.ations (6) and (7) determine r6b and r' and all the quantities in
equation (5) are known.
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Subroutine TRAK

Purpose: To determine which of the several tracking stations under
consideration is capable of observing the vehicle, and
to compute range, range rate, azimuth and elevation of
the vehicle relative to any visible station.

Deck Name: TRACK

Calling Sequence: $UBR0UTINE TRAK (RDATE, VDATE, TW, TF, NUMBER)

Subroutines Called: GHA
UNIT
CR0$$

Functions Called: AMAG (vector magnitude)
DOT (dot product)
ATAN (arctangent)

Deck Length 005018

FDRTRAN Math Common/
I/O Name Name Dimension Argument Description

I RDATE R 3 Arg Vehicle position vector.

4

I VDATE V 3 Arg Vehicle velocity vector.

I TW T 1 Arg Whole number part of Julian
date.

I TF Tf 1 Arg Fractional part of Julian date.

I NUMER N 1 Arg Number of tracking stations
considered.

I STATN ST 40 TRA T Tracking station data for a
maximum of 10 stations. The
data is arranved in groups of
4., i.e., latitude, longitude,
altitude, and station name.

I H0RCOR Hc 10 TRAXT Horizon correction in case
horizon is not at 00 elevation.

I GC0,N kE 1 ASTR0 Gravitational constant of Earth.
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Ff)RTRAN Math Common/
I/O Name Name Dimension Argument Description

I AJ J1 ATR0 First harmonic in Earth's
gravitational potential.

I RE R 1 A$TR0 Earth's equatorial radius.

I RP R 1 AfTR0 Earth's polar radius.

Description of Equations:

The Greenwich hour angle and the rotation rate of the Earth are
computed in the subroutine GHA, which is called immediately after entering
TRAK. The following procedure is followed once for each tracking station

under consideration. The subroutine UNIT is called to compute the
position vector of the tracking station, as well as the up, east and
north unit vectors at the tracking station site. Then the position of the
satellite relative to the tracking station can be computed

The unit relative position vector is,

f°T

If u is the up unit vector at the tracking station site, and E is the
elevation

E = Arcsin (6. ; )

The question of visibility can now be resolved, taking into consideration
any horizon correction imposed by the geography adjacent to the tracking
station. If E < H , the satellite cannot be seen by the tracking station.
Note that H C the forizon correction, will normally be zero. If the
satellite is not visible, the computation is terminated and the next tracking
station (if any) is considered. If the satellite is visible, the computation
continues with the azimuth determination

cos
A -,

sin7 = E

whr. I is the azimuth, _ i3 the north unit vector, and E is the east unit
vector at the tracking station site. Then

Ar-cton S -
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The Earth's spin vector is used to compute the velocity vector of the track-
ing station.

S p 0 , (. LOFu

where W. is the Earth's rotation rate computed by subroutine GHA. Then the
tracking station velocity, is

VT= Spp x

and, finally, range rate is
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Subroutine GHA

Purposes To compute the local hour angle relative to the mean
vernal equinox.

Deck Name: GHAN

Calling Sequence: SUBROUTINE GHA (To DD, GH, 0MECA)

Subroutines Called: None

Functions Called: None

Deck Length: 001458

Input/Output:

FqRTRAN Math Common/
I/0 Name Name Argument Dimensioni Description

I T t ARG 1 fraction of a julian day
in seconds

I DD d ARG 1 whole number of julian
days since 1 January 1950

GH GE ARG 1 local hour angle

0 OMEGA WE ARG 1 rotation rate of the earth
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J11BRO&' T/,Vf &4A

W -. 0041707424Fe / t- (S.2/ x/o - 3 ) d

G /0 O.0 7SS -" .98.6-f 73S d

(2.90. x/o' 3 )d 

where

d = whole number of julian days past Oth 1 January 1950
(JD 2433282.5)

T = fraction of julian day

110 SIP 65-1203-3



Development of Equations:

The hour angle of the Greenwich meridian relative to the mean vernal
equinox of epoch T is given in the Nautical Almanac as

m(t) 1001 07554260 + 00 985647346d

+ (2? 9015) x 10-13d 2 + wt (mod 360)

where

d = the integral number of days past zero hours, 1 January 1950

t = time in seconds past zero hours of the epoch date

,00417807417

1 + (5.21)10-13d

ill SID 65-1203-3



-4w(10 4NT~ lt

N0 N

z -

-I- S. LU

-L 0

z V
WXZ 0 t--

r> z <-

0

ac

Z~ c 0'

Z I- +- x 1-4'C'~
U. M z = t -u z I

IIN
ii 1-w LL) '

Lu 0

ZLu LL :r

I-- Uj II0% I' If ~ j
0 l 10 f' X

LL) Q~ 0 1-C ci i. g=

z M !ILLZ

cc It112



'o0%'

Nu

u u.

zz

0 7I

I-i

%.~ 1 1

co -J UJ L

04 >I Wi U

>-j z
pU Ln - 0. 0

(A V (A LA1

0D ce Z Ll 00
0 $-4 c 00a

LU M I 00

Wi cc 4-- -
,< I z CC) u Z
t C Z zlL JWWi U.

- 0 w (A V)A( L
(An - r
z -c 0

LU i <0
Z x 0 7Z

C 00 U- U- U

'0

C)

-4
0 0

0C.

z z
o tD00

0 ~ ~ k VA~ W1

u o

f..I U.,
7 0
LL SI 6S1,3-

v z Wi

* I * 113



Subroutine UNIT

Purpose: To compute the up, east and north unit vectors at the
tracking station.

Deck Name: UNITT

Calling Sequence: SUBROUTINE UNIT (SLAT, SLONt SALT, GHA, RPOL9 RE, U9 E,
Z, RT)

Subroutines Called: None

Functions Called: SIN

SQRT

Deck Lengtn: 002548

Input/Output:

FORTRAN Math Common/
1/0 Name Name Arcument Dimension Description

I SLAT ARG 1 station latitude

I SLON ARG 1 station longitude

I SALT A ARG I station altitude above
reference geoid

I GHA GHA ARG 1 local hour angle

I RPOL Rp ARC 1 earth's polar radius

I RE RE ARG 1 earth's equatorial radius

U ARG 3 unit zenith vector at
station

0 E E ARG 3 unit east vector at
station

RT RT ARC 3 tracking station position
vector
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Subroutine PREDIK

Purpose: PREDIK is designed to compute a correction to the position
and velocity vectors at a specified lead time to produce
agreement between a set of 9 observations (acquired at
3 epoch) and the corresponding computed values by a weighted
least squares process.

Deck Name: PRED

Calling Sequence: CALL PREDIK (RAD, VEL, Tt PBS, SIGMA2, CORR, RTRAK, X, Y9 Z)

Input/Output:

FORTRAN Math Common/
I/O Name Name Argument Dimension Description

I RAD ri  ARG 4 x 3 Arrays of position and ve-
locity vectors at times

VEL vi ARG 4 x 3 corresponding to T1, T2,
T3 , and T4. These data
are expressed in the true
equator of date frame of
reference and are assumed
to be expressed in the

units of ft and ft/sec.

T t. ARG 5 An array of times corres-
ponding -o the initial
epoch (or first , V), the
three observations and the
epoch at which the correc-
tion to i, ' will be
applied. These times are
expressed in seconds and

hc~ A4--

arbitrary epoch.

T (IQV 0W 'rl_ - -

- llt"- or ' ' set of observa-
tions (observed minus com-
puted residuals). This
vector is in the order of
range-rate, azimuth eleva-
tion, range-rate... etc.
Units are ft/sec and

_ ----------_ L _ _radians,
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FORTRAN Math Common/
I/O Name Name Argument Dimension Description

I SIGMA2 W ARG 9 The weights for the 9 ob-
servations. This vector
must be ordered in the same
fashion as is the vector Y.

CORR X(T) AING 6 The estimate of the state
vector at the time T5 is
obtained by a weighted
least-squares process.
Units are ft and ft/sec.

I RTRAK rT ARG 3 x 3 Arrays of tracking station

^ N position (and the corres-
Xt Y, Z UEN ponding up$ east, north

unit vectors) for the times
of the three sets of
observations. (T2, T3, T4 )
these data are assumed to
be measured in feet.

Subroutines Required: OBSERV (computes [ Iy/ '] )

TRANS (computes [ bxi/ Xo] )

MATMPY (matrix multiplication)

MTINV (matrix inverse)

Functions Required: None

Approximate Deck
Length: 01071

8
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Development of Equations:

Tht routine will be constructed to compute a weighted, least-squares cor-
rection to the computed position and velocity at a desired epoch based on a
series of observed minus computed residuals recorded at a specified time prior
to the epoch of the estimate. This objective will be accomplished by adopting
a linear model which relates position errors at various epochs on the same
trajectory (see TRANS). Thus, the errors in position and velocity at the
times of the observations can be related to the errors at some standard epoch,
by

where

10 a:

tiot o =the epochs of observation and reference, respectively.

Further, the errors in the observations can be expressed as linear func-
tions of the error vector (X) (assuming that X never becomes large), This
step is accomplished as follows:

Yi = M vector of observed/computed residuals

Bi Xi

where

8 ' M x 6 matrix

Thus,

Yt =  ti ( t ' A X

Now the total set of observations can be expressed as
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where

Y = mn-vector

C = mn by 6 matrix

Finally, the errors at the time at which the correction is desired can be
computed as

or

EM()

The problem thus reduces itself to the derivation of a computational alogrithm

which will construct an "optimum estimate" of X(T) for the case where mn >6.

Assume that the vector Y is now contaminated with noise as:

Y = MX(T) + '2

or

Y-M X (T)

Further, construct the comparison function F ( Z Z . 2 ) which is desired
to be as small as possible, 

whc i
4

F T W

where

W diagonal matrix at weights[Jz]
L U4

Now differentiate F with respect to X

A6F: -A T (T) M W(-MX(T)) -7M (T))7 WM (T)

= f[(M " W MWM ( "T)) x( )r-f (Mr W -,MrwM X(T)) 6X (t)]
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Thus, if F is to be a minimum (i.e., AF 0), the function

MT w - MT W M X(T) 0

and " (T) may be obtained as:

X(T) (MTWM) - MTWY

It is important to note that since M is dimensioned mn by 6, neither it nor
its transpose is invervible. Thus, the equation cannot be further simplified.

The actual problem will be a specific case of this analysis in that only
a slightly over-determined set of equations will be processed, That is, only
a slight amount of smoothing will be employed. In this case it is assumed
that the following data are available.

Tracking Station
Observations

- % ..A

Time r, v rT Up, East, North Weights (0-C)

T I
1

T2 r2, v2' i y 1 1 "

r3 v3  rT2 x2 Y2 '2 2 Y2

T4 r4 V4 rT2  x3 Y3 z3  ? 3
T 5

where
' AR range rate

Vz AI azimuth
elovation

variance in range-rate for ith observation

-2a variance in azimuth for ith observation

q2 variance in elevation for its observation
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Subroutine 0BSERV

Purpose: 0BSERV computes the 3 by 6 matrix of partial derivatives
of the observables with respect to the state for the
case where range-rate, azimuth and elevation are
acquired.

Deck Name: 0BSN

Calling Sequence: CALL 0BSERV (RVEC, VVEC, 0BSN, RTRAK, X, Y, Z)

Input/Output:

I/0 FORTRAN Math Common/
Name Name Dimension Argument Definiion

RVEC ARG The p t.;i and veloc-
ity vectors for the

VVEC v 3 ARG satellite on the esti-
mated trajectory in the
true equator of date
frame of reference.
Units are ft and
ft/sec.

0BSN B 3 x 6 ARG The matrix of partials
of range-rate, azimuth
and elevation with
respect to errors in
position and velocity
(state). Units are
ft/sec per (ft, ft/sec)
and rad per (ft,
ft/sec).

RTRAK -T 1.AR1Ta posi ion Vector for
the tra %ing station at
the time of the obser-
vation being considered
(ft).

XYtZ V9E9N 3,3,3 ARG The up, east, north

unit vectors at the
tracking station.
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Subroutines Required: CROSS (crossproduct)

Functions Required: AMAG (magnitude of a vector)
SQRT (square root)
DOT (dot product)

Approximate Deck
Length: 003358
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Formulation:

0BSERV is constructed to define the partial derivatives of the observables
(i.et, range-rate, azimuth and elevation) with respect to the state vector
(i.e., _r, ) This information is to be presented in the form of the
3 by 6 matrix illustrated in the following equation:

A A B ) (

The matrix B(t) will be constructed from the following equations

A t~-

r- rn

rr: /R

where:

i range rate

Az azimuth

EL elevation

U9Ek =up, east, north unit vectors at tracking station

r = vehicle's position in equatorial frame of date

rn nominal position on reference orbit

r T =tracking station's position vector

when it is noted that for the purpose of differentiation, the nominal position
vector and the tracking station position vector are constant, i.e.,

I-

This set of operations has been performed, and the results of the analysis
are presented below:
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1. Partials of range-rate

x~ C 2Lrr _r ' Z r

2. Partials of azimuth

s' A~ . +A A X E(A )2(

E3(-a4?>. N3( V-p )-p , 3

3, Partials of elevation
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INPUT DA A

All input data is read in under- a floating point format. The first
card contains the initial position and velocity vectors (see Figure 1),
The first two fields of the second card refers to the initial time. The
first field contains the whole number of Julian days past Oh 1 January 1950
(JD 2433282.5), and the second field contains the fractional part of the
day. The third and fourth fields contain the step size and the final
elapsed time (in seconds). The fifth field contains the W/CDA in pounds per
square foot, and the last field contains the number of tracking stations
considered (input as a floating point number). The third card contains data
describing the first tracking station. The first half of the first field
(first six columns) holds the station name (6 letters maximum), and the
second half is blank. The next four fields contain the longitude, latitude,

altitude, and horizon correction for the staion. The last field is blank.
A maximum of ten tracking stations may be active; data for each active
station must be input on a separate card following the first station data
card.
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OUTPUT DATA

Immediately after reading the input data, a record of the input data is
printed out for reference. The initial osculating elements are also printed
out.

Beyond this, output consists of the position and velocity vectors at each
step and tracking data at any step when the satellite is viewed by a tracking
station.

To illustrate the output format and to assist in the checkout of any pro-
gram developed from this document, several pages of sample output have been
included. The initial conditions nave been printed out; note that the step
size was four minutes.
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SAMPLE PROBLEM

A sample problem was constructed around ECHO II tracking data recorddd
at Floyd Satellite Communication Terminal. Floyd is located at the Rome
Air Development Center in Rome, New York; more precisely, the station's
coordinates are:

= 284.65960 (east)

= ~43.19720 (north)

h .164 km

The osculating orbital elements for ECHO II at epoch 0 min (U. T.),
0 hours, 20 April 1965 were provided,

a = 7528.31 km

e = .02447

i = 81.450

W = 34-.1560

-cL= 31.2020

M = 113.09,%°

and these were used to compute the position and velocity vectors at
epoch in the geocentric coordinate system (true equinox of date).

-59' 5: 9438
=1-2918 1582) km

3783• 0742/

(-2.744 4510
V -2.729 99691 km/sec.

-6.074 8353)

The position and velocity vectors were input into the general perturbations
program ( refer to Flgu, 2 ) .and subseqient poaition_ and velocities
were predicted for a period of seven days at steps of 6480 seconds,
approximately one revolution. During the eighth day, 27 April 1965,
FI'n TT was gh+.d several tme hy -Floyd Tracking Station i New York.
Consequently, at the beginning of the eighth day the step size in the
program was cut to 60 seconds. After each step, the program tested
to see if ECHO II was visible from Floyd Tracking Station. If the
satellite is seen, the program outputs range, range-rate, azimuth, and
elevation data. This computes data was compared with the observed data
provided by RADC; the results for passes 6069 and 6070 are plotted in
Figures 3 and 4,
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Results of Sample Problem:

The Figures 3 and 4 present plots of observed and computed azimuth and
elevation for the Echo II pass occurring at approximately the 16th hour of
27 April 1965. The curves show that during this eights day of prediction, the
computed position logs the observed position by 20 to 30 seconds. Using a
speed of about 8 km/sec, a corresponding position error of 160 to 240 km is
indicated. The angular difference between the observed and predicted azimuth
and elevations is on the order of ten degrees.

The time discrepancy of about 30 seconds after some 100 revolutions is
approximately one-third of a second per revolution. The orbital period of
Echo II is approximately 108 minutes (6480 seconds) so that the time discrep-
ancy per period is one in the fifth significant figure. Since the initial
osculating elements were to four or five significant figures, a difference of
the above magnitude is to be expected.
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ACCURACY TESTS

A check run was made against an Encke-type integrated trajectory generated
by a North American, SID, digital computer program (AP-lIO). The comparison
was made over three revolutions with an interval of four minutes between pre-
dicted points. To test more accurately the real-world effectiveness of the
prediction program, all of the perturbations included in AP-11O were activated.
Specifically, the oblateness through the fourth-order harmonics, drag, lunar
and solar gravitational potentials were included. Because AP-120 predicts
position in nautical miles, comparisons are madi in these units. The table
shows the position results after one, two and three revolutions. (G.P. denotes
the general perturbation formulation.)

initial conditions:

GP, AP-11O

X 3600.0000 3600.0000

y 0.0000 0.0000

Z 00000 0.0000

after one revolution:

G.P. AP-11O

X 3596.53910 3596,53840

Y -124.31783 -124.25333

Z 102.55489 -102.47667

after two revolutions:

G.P. AP-110

X 3586,24040 3586,17630

Y -248.01990 -248.14364

Z -204.60541 -204.69866

188 SID 65-1203-3



after three revolutions:

G.P. AP-110

X 3569.17900 3568.97940

Y -370.89563 -371.66846

Z -306.05043 -306.77181

The results indicate agreement with the integrated "real-world" trajectory to
within one nautical mile after three revolutions.
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CONCLUSIONS AND RECOMMENDATIONS

The accuracy test with an integrated Encke-type trajectory and the results
of the sample problem have confirmed the soundnej8 if this approach to the
task of driving a tracking antenna in an open-loop mode.

The scope of the stody and the time restrictions have precluded an exten-
sive checkout that would elevate the status of the FORTRAN IV program to the
all-inclusive level of "operation." Further checks on the variation of
accuracy with prediction step size along with a complete incorporation and
checkout of the differential corrections section would be necessary before the
status promotion could be made.

Specifically, the following items merit consideration:

L Increase program efficiency by combining groups of subroutines,

2. Increase program flexibility by including the effects of solar
radiation pressure and lunar and solar gravitational potential.

3, Provide for initial-condition options, e.g. the non-singular
osculating elements and/or a more conventional set of orbital
elements,
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